Confinement limit of Dirac particles in scalar ID potentials 
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We present a general proof that Dirac particles cannot be localized below their Compton length 
by symmetric but otherwise arbitrary scalar potentials. This proof does not invoke the Heisenberg 
uncertainty relation and thus does not rely on the nonrelativistic linear momentum relation. Further 
it is argued that the result is also applicable for more general potentials, as e.g. generated by 
nonlinear interactions. Finally a possible realisation of such a system is proposed. 

PACS numbers: 03.65.Pm, 42.50.Gy 



INTRODUCTION 



U(z), A(z) is given by 



It is generally accepted that relativistic particles with 
rest mass too described by the Dirac equation cannot 
be localized better than half its corresponding Comp- 
ton wave length Ac = h/m^c 2 [lj. The argument to 
support this fact is based on the Heisenberg uncertainty 
relation AzAp > |. Using the relation Ap = too Aw 
and observing that Av < c one arrives at the statement 
Az > h/2moc 2 = Ac/2. However this argument is not 
stringent since it is based on the purly nonrelativistic re- 
lation p = rriQV and can therefore not be used for highly 
relativistic particles. 

Recently there is a growing interest in various realisa- 
tions of systems exposing Dirac- like features [1, 0, 9 . I n 
Q it is shown that stationary light Q at small spatial 
length scales exhibits Dirac-like behavior, as e.g. Zitter- 
bewegung and Klein tunneling.lt is in this context that 
the question about the lower confinement limit of Dirac 
particles arises. 

For freely moving Dirac particles a stringent derivation 
of the lower localization bound can be found in 

In this brief report we want to provide a general proof 
of the statement that the coordinate variance (Az) for 
any Dirac particle with rest mass mo in a one dimen- 
sional symmetric scalar potential is strictly larger than 
half its corresponding Compton length. In doing so we 
neither use the Heisenberg uncertainty relation nor the 
nonrelativistic linear momentum relation. We also argue 
that the result can be generalized to potentials created 
by certain nonlinear interactions. A well known example 
for this kind of interactions is the massive Thirring model 



ihd t ^(t,z) = [ca(-ihd z ~ A(z))+f3m c 2 + U(z)]^(t, z). 

It can be shown [9( that the case of a vanishing scalar 
potential, i.e. U(z) = 0, cq. {]]) is equivalent to an 
effective Schrodinger equation. Thus confinement to ar- 
bitrarily small length scales is possible. 

In the following we assume that A(z) = and only a 
finite scalar potential U(z) is present. As a particular 
representation of the Dirac algebra we choose 
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This is a permissible choice, since it fulfills the restric- 
tions a 2 = P 2 = l2x2i a(3 + fla = and leaves eq.fl]) in- 
variant under Lorentz transformations [Io| . Hence, in ID 
it is sufficient to use a single spinor with two scalar com- 
ponents fy(t,z) = (4>(t, z), x(t, z)) T . Making the ansatz 
ty(t,z) = ^(z) exp[— iEt/H] and introducing dimension- 
less quantities 
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where Ac is the Compton length, we arrive at the follow- 
ing coupled differential equations 

70(*)="^X(*) + (! + /(*)>(*) (4) 
ix{z)=j-m-(l-f{z))x{z). (5) 

Here f(z) = U(z)/moC 2 is the normalized external po- 
tential. 

In the following we want to derive an estimation for the 
coordinate variance (Az) = y/ (z 2 ) — (z) 2 . Expectation 
values of any Operator A are calculated by 



PROOF 



(A) = / dz^(z)A^(z). 



(6) 



The one dimensional Dirac equation for a particle with 
rest mass toq in external scalar and vector potentials 



First we calculate the expectation value of the coordi- 
nate (z). Assuming a symmetric potential, i.e. f(z) = 



2 



f(—z), we find that <f) 2 (z) + x 2 (z) 1S an even function. 
Futhcr we may assume that for bound states <f>(z) and 
x(z) are real functions. Thus we observe for the expec- 
tation value 



(z) = J dzz(cj ) 2 (z) + x 2 (z))=Q. 

— OO 

For bound states one can assume that 

z(<f> 2 (z) + x 2 (z)) -+0, |z|-oo 
and that the normalization condition 



dz (0 2 (z) + X 2 (z)) = 1< 



holds. Integration by parts yields 
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dz ztfi (z) 
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dz 4? (z) 
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The same holds for x(z). Using these relations and the 
Dirac equations JS]) we find 



dz zcj){z)x{z) 



Applying the arithmetic mean inequality 

<j } {z) X {z)< l -{4> 2 {z)+X 2 {z)) 
to eq. (fTTj) we find 

dz\z\(tf{z) + x 2 (z))> 1 -. 
Next we calculate the expectation value 

OO 

(z 2 ) = f dzz 2 (<p 2 (z)+ X 2 (z)) 



(11) 
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Using the Schwarz inequality on eg .([13)) we obtain 
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< / dz\z\(cf> 2 (z)+x 2 (z)) 



< / dzz 2 (0 2 (z)+ X 2 (z)) 



(z 2 ). (15) 



Equality only holds if x(z) = K<fi(z) for some constant 
k, however this linear dependence of the eigcnsolutions 
of the Dirac equation never occurs and thus we have a 
strict inequality. 

Reintroducing dimensional variables according to 
eq.® wc finally observe 



(Az) = vV> - {z) 2 > 



Ac 



(16) 



This result coincides with the one obtained from the 
Heisenberg uncertainty relation. 

It is worth noticing that this result not only applies to 
external scalar potentials but also to potentials created 
by nonlinear interactions, as e.g. given in the nonlinear 
massive Thirring model Q. This can be seen by ob- 
serving that any additional term entering eq. ([5]) with the 
same sign, cancels when calculating eq. (|ll[) . Thus any 
solitonic solution of this model cannot become smaller 
than half its Compton wave length. 

This might have applications when combining the rel- 
ativistic Dirac-like light [B[ with an intrinsic Kerr-type 
nonlinerarity This system then provides a natural 

realisation of a massive Thirring model, where the rela- 
tivistic particles are massive photons with an externally 
controlable mass and the nonlinearity is provided by in- 
teractions with an atomic ensemble. 



CONCLUSION 

In this brief report we derived a strict inequality for the 
lower bound on the coordinate variance (Az) of a Dirac 
particle in a ID scalar and symmetric external potential. 
We found that the result coincides with the estimate ob- 
tained using the Heisenberg uncertainty relation in con- 
junction with the nonrelativistic expression for momen- 
tum (Az) > Ac/2. I.e. any localization of a relativistic 
Dirac particle has to be larger than half the correspond- 
ing Compton length. Finally we noted that this result is 
also applicable to more general potentials generated e.g. 
by nonlinear interactions, as in the Thirring model Q. 
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